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O P - I O  s u r f a c t a n t  has  b e e n  u s e d  to show tha t  the  d i f fu s ion  c o e f f i c i e n t  D of  a s u r f a c t a n t  in a 
l i qu id  can  be  m e a s u r e d  a t  low c o n c e n t r a t i o n s  f r o m  the i a l l  in the  w a t e r  l e v e l  in a c a p i l l a r y .  
A s i m p l e  f o r m u l a  i s  g iven  fo r  c a l c u l a t i n g  D f r o m  the r e a d i n g s .  

Optical methods are the best for measuring surfactant diffusion in liquids [i-6], but it is virtually im- 
possible to use these at concentrations below 0.01% because the refractive-index change is very small. It 
is usual to determine D for very dilute solutions by extrapolating to zero the relation of D to concentration 
C found at higher concentrations, but this cannot be used for surfactants because micelles are formed, and 

the critical concentration Ccr for micelle formation usually lies below 0.01% [7], and these micelles alter 
the physical meaning of the diffusion coefficient. It is therefore necessary to measure D at low C, i.e., 

values that eertainly do not exceed Ccr. We have used the reduction in the surface tension a at the surface 
of a water column in a capillary, which can be done very simply with a light source, a thermostat, a capil- 
lary with a micrometer system, and a cathetometer. 

Figure 1 shows the main part of the apparatus. The capillary ii is fitted into the tube 6, which can 
be moved in a strictly perpendicular direction by the micrometer screw 4. The accuracy is governed 
mainly by the properties of the capillary. We used a circular glass capillary of constant cross section 
(internal diameter 2.00 ram). We checked that there was no capillary hysteresis [8]. The solution was 

placed in the small glass beaker 12. 

The carefully washed capillary is filled with distilled water and inserted in tube 6. A piece of filter 
paper soaked in distilled water is placed at the bottom of the thermostat to produce a saturated atmosphere. 

The set temperature is reached in 30-60 min, which is indicated to 0.02~ by the thermometer 3, and 
then screw 4 is operated to bring the capillary into contact with the surface of the solution. 

T h e  i n s t a n t  of  c o n t a c t  i s  t aken  a s  the  z e r o  of  t i m e .  One m e a s u r e s  the  i n i t i a l  he igh t  h 0 of  the w a t e r  
c o l u m n  to 2 # wi th  the  e a t h e t o m e t e r .  Th i s  i s  f a c i l i t a t e d  by g lue ing  to the  o u t s i d e  of  the  c a p i l l a r y  a thin 
n e e d l e  of  l eng th  h equa l  to the  c a l c u l a t e d  r i s e ,  and one m e a s u r e s  f r o m  the top of  the  n e e d l e  to the  b o t t o m  

of  the  m e n i s c u s ,  the  d i f f e r e n c e  g iv ing  the  a c t u a l  r i s e .  

T h e  b o t t o m  of  the  c o l u m n  in the  c a p i l l a r y  i s  k e p t  a t  a c o n s t a n t  s u r f a c t a n t  c o n c e n t r a t i o n  Co, and s o m e  
m o l e c u l e s  r e a c h  the s u r f a c e  in  t i m e  t ,  which  r e d u c e s  the  s u r f a c e  t e n s i o n  o and h e n c e  the h e i g h t  h [9]. 

The  r e l a t i o n  of  a to C a t  low v a l u e s  i s  l i n e a r  to a f i r s t  a p p r o x i m a t i o n :  

% - -  ~ = kC. (1) 

The  r e d u c t i o n  in a c a u s e s  a r e d u c t i o n  in h: 

ho - h = (% - o) -2-L- (2) 

pgr 

Then (i) and (2) give C for the free surface in the capillary as 
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Fig. 1. System for measur ing  surfactant  diffusion 
in l iquids a t  low concentrat ions:  1) the rmos ta t  wall;  
2) cover ;  3) t h e rm o m e te r ;  4) m i c r o m e t e r ;  5) con-  
necting s leeve;  6) tube; 7) guides; 8) supporting 
walls;  9) screws for setting tube ver t ica l ;  10) con-  
necting pipe to u l t ra the rmos ta t ;  11) capi l lary;  12) 
beaker ;  13) support.  

Diffusion a l t e r s  C at  the surface .  

We solve (4) subject  to 

C =  (h o - h) .pgr . 
2k 

Fick ' s  equation applies to a ve ry  dilute solution: 

OC = D @ C  
Ot Ox ~ 

(3) 

(4) 

C-=C O forali  t for x =O ,  

C = C ( x ,  t) for t > 0  and O < x < h ,  

0C 
. ~ = 0  for x = : h  for al l l t  OX 

as an infinite s e r i e s  [11] (s imilar  to a heated cyl inder  [10]): 

{ 4 ~ 1 exp[ D ( 2 n - - l ) ~ ' ~ t ] s i n  ( 2 n - - l ) n x  } 
C = C  o 1 - - -~-  2 n - - I  4h~ 2h ~ . (5) 

n = /  

As D appears  in the exponent, it is difficult  to der ive  it  f rom (5) for  n ~ 2, and so computer  methods were  
used. 

As the sine takes the values :~1 as a function of n for  x = h0, we use (3) and the substitution 

exp[  - D a ' ~ t ] = y  (6) 

to t r ans fo rm (5) to 

.=1 4 2kC o 

If n = 1 we have the l inear  re la t ion  

(7) 

(9) 

(8) (h o - h )  pgr l = o; 
2kQ J 

if  n = 2 we have an equation of ninth degree  

+.. 1 etC. (10) 

Then to find D we have to de te rmine  the rea l  root  of the equation to the requi red  accuracy.  To find k in 
(7) we need only de te rmine  Ah for C = 0 and C i = 0.001% (say), the r e su l t  being multiplied by Ipg r /2Ci I .  
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T A B L E  I. 
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, I  
0 

75600 
79200 
82800 
86400 
90000 
93600 
97200 

100800 
104400 
108000 
lll600 
115200 
162000 
165000 
169200 
172800 
176400 
180000 

Di f fus ion  C o e f f i c i e n t s  for  O P - 1 0  wi th  C O = 0.004 ~ a t  

D" l0 g m~/sec D-  l0 s rn'/sec D. Io' 
h.10 ~, m A~t. I0 2, tTI C'10~' % n = I  n=5 i.ii2/SeC 

2 3 4 5 6 7 

1,4100 
1,3598 
1,3536 
1,3464 
1,3368 
1,3290 
1,3176 
1,3086 
1,2992 
1,2901 
1,2812 
1,2736 
t,2633 
1,1680 
1,1648 
1,1560 
1,1516 
1,1458 
1,1422 

0,0502 
0,0564 
0,0636 
0,0732 

0,0810 
0,0924 
0,1014 
0,1108 
0,1199 
0,1288 
0,1364 
0,1467 
0,2420 
0,2452 
0,2540 
0,2584 
0,2642 
0,2678 

0,236 
0,265 
0,300 
0,344 
0,381 
0,434 
0,476 
0,521 
0,564 
0,605 
0,641 
0,689 
I, 140 
1,150 
l, 194 
1,214 
1,242 
1,257 

0,322 
0,316 
0,312 
0,309 
0,306 
0,308 
0,306 
0,306 
O, 304 
0,303 
0,302 
0,302 
0,288 
0,285 
0,286 
0,282 
0,281 
0,279 

0,278 
0 , 2 7 7  
0,278 
0,281 
0,281 
0,287 
0,288 
0,290 
0,292 
0,292 
0,292 
0,294 
0,286 
0,282 
0,235 
0,280 
0,280 
0,278 

0,234 
0,232 
0,233 
0,234 
0,235 
0,238 
0,240 
0,242 
0,243 
0,243 
0,246 
0,247 
0,245 
0,241 
0,234 
0,241 
0,234 
0,241 

Th i s  d e v i c e  thus  e n a b l e s  one to m e a s u r e  D wi thou t  hav ing  to u s e  o t h e r  e q u i p m e n t  to m e a s u r e  a a s  a func -  
t ion  of  C. We have  u s e d  th i s  m e t h o d  to d e t e r m i n e  D for  O P - 1 0  s u r f a c t a n t  o v e r  a wide  r a n g e  in  C. C a p i l l a r y  
r i s e  gave  k fo r  C = 0.001% fo r  O P - 1 0  a s  10.3 N / m  p e r  %. T a b l e  1 g ives  C a t  the  s u r f a c e  d u r i n g  d i f fus ion  
of  O P - 1 0  f r o m  a 0.004% s o l u t i o n  in d i s t i l l e d  w a t e r .  We  c a l c u l a t e d  D f r o m  (6) a f t e r  f ind ing  the r o o t s  of  (7) 
fo r  n of 1-5  v i a  a p r o g r a m  fo r  de f in ing  and  r e f i n i n g  the  r o o t s  of  f(y) = 0. 

T h e  r o o t  w a s  found by c a l c u l a t i n g  f(y) by  s t e p s  of  10 -3 in  y in the  d i r e c t i o n  of d e c r e a s i n g  m o d u l u s  unt i l  
the  s i gn  changed .  Then  the r o o t  w a s  r e f i n e d  by l i n e a r  i n t e r p o l a t i o n .  The  p r o g r a m  was  w r i t t e n  in A K - 2  
a u t o c o d e  for  an  U r a l - 3  c o m p u t e r .  

C o l u m n s  5 and  6 of  T a b l e  1 g ive  D. The  va lue  fo r  n = 1 d i f f e r s  f r o m  tha t  for  n = 5 on a v e r a g e  by abou t  
5%, w h i l e  the  v a l u e s  f r o m  n = 3 to n = 5 a r e  v i r t u a l l y  i d e n t i c a l .  T h e r e  is  then  only  a n e g l i g i b l e  e r r o r  in  r e -  
p l a c i n g  the  s u m  of  the  s e r i e s  in  (5) by  the p a r t i a l  sum for  n -> 3. 

A l though  the  a c t u a l  d i f fu s ion  c o r r e s p o n d e d  c l o s e l y  to the  m a t h e m a t i c a l  m o d e l ,  the  D c a l c u l a t e d  f r o m  
(5) m a y  be  s o m e w h a t  too h igh ,  for  the  fo l lowing  r e a s o n s .  S u r f a c t a n t  tha t  has  r e a c h e d  the m e n i s c u s  is  a d -  
s o r b e d  on the  s u r f a c e ,  so the  p r o c e s s  fo r  a l ong  wh i l e  r e m a i n s  a n a l o g o u s  to f r e e  d i f fus ion ,  which  wi l l  f a c i l i -  
t a t e  the accumulation of surfactant at the surface in excess of that for a solute without surface selectivity 

but having the same D. The fall in a is governed by the rate of accumulation at the surface, so the ob- 

served C can give over-estimates for D. However, we cannot estimate the error arising from this cause 

exactly, although the result from (5) can be compared with that from Fick's equation for an unbounded cylin- 

der to get a rough value. 

We solve (4) with C = 0 at t = 0 for all x and with x = 0, C = C O for all t to get 

C, exp[  x~--x~ ] (11) 
C 2 - -  4 D r  " 

T h i s  r e s u l t  i s  a c c e p t a b l e  a l s o  fo r  a c a p i l l a r y  of  f in i t e  l eng th  o v e r  a t i m e  i n t e r v a l  not  g r e a t l y  e x c e e d i n g  the  

t i m e  for  a m o l e c u l e  to d i f fuse  to the  s u r f a c e .  

T h e  fa l l  i s  v e r y  s low,  so we a s s u m e  tha t  the  he igh t  d i s t r i b u t i o n  of C i s  u n v a r y i n g ,  i . e . ,  t h e r e  is  p a r a l -  
l e l  u p w a r d  t r a n s p o r t  of  the  s u r f a c t a n t  m o l e c u l e s  a l o n g  wi th  the  m e d i u m .  Th i s  m e a n s  tha t  a l l  m o l e c u l e s  
p a s s i n g  t h rough  x = 0 t r a v e l  the  s a m e  d i s t a n c e  to the  m e n i s c u s  b e f o r e  the  l a t t e r  s t a r t s  to fa l l .  

T h i s  a s s u m p t i o n  (x = h0) i s  u s e d  wi th  C o and  wi th  the  o r i g i n  p l a c e d  a t  the  c o n t a c t  of  the  c a p i l l a r y  wi th  
the  s u r f a c e  of  the  s o l u t i o n  (x 0 = 0) to ge t  f r o m  (11) a s i m p l e r  e x p r e s s i o n  for  D: 
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[_ ] (12) 
C := C o exp [ 4Dt J"  

The l a s t  column of Table  1 gives the r e su l t s  for  D. The r e su l t  f rom (5) is 20% l a r g e r  than that f rom (12). 

Only 0.5% e r r o r  is involved in measu r ing  t, h 0, and Ah, so one expects  about 2% e r r o r  f r o m  this 
source  in D in any given run. The main  sources  of e r r o r  in D a r e  C O and k, which contr ibute  6%. 

F o r  this r ea son ,  two pa ra l l e l  runs  with di f ferent  solutions having the s a m e  C O give 10% d isc repancy  
i n D .  

F r o m  (12) we get the concentrat ion ra t io  a t  two given t imes  as 

cj T i f -  t, tj ' 

F r o m  (3) we find that (13) is equivalent  to 

Ah I ~ exp. - -  ~ - t~ tj " 

Taking loga r i thms  in (14) gives us a s t ra igh t  l ine with a slope of h~/4D f rom which we get D without 
de te rmin ing  k. The r e su l t s  of Table  1 then give D as  0 .21 .10  -9 m 2 / s e c .  The r e su l t  f rom (14) is indepen-  
dent of k and also of the contact  angle O, which has  been omit ted  f rom (2), which resu l t s  in an o v e r e s t i m a t e  
of ~ because  of the assumpt ion  cos 0 = 1. I t  is t he re fo re  logical  to find a D somewhat  s m a i l e r  than that 
given by (12). 

I t  is t he re fo re  be s t  for p rac t ica l  pu rpose s  to use  the solution to (4) in the fo rm of (12) to calcula te  D. 

The following a r e  values  of D for  OP-10  in dis t i l led  wa te r  a t  293~ 

C, % 0.001 0.004 0.006 0.008 0.01 0.8 1.0 2.0 
D �9 109, m 2 / s e c  0.19 0.24 0.20 0.19 0.19 0.17 0.16 0.15 

The  c r i t i ca l  concentra t ion for  OP-10  l ies  [7] be tween 0.006 and 0.01%; D fal ls  apprec iab ly  for  C above 
0.01%. F r o m  this we conclude that concentra t ions  l e s s  than this should be  used in sur fac tan t  appl icat ions 
[12] where  the r a t e  is l imi ted by the sur fac tan t  diffusion ra t e  [13]. 
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NOTATION 

is  the su r face  tensior~ of wa t e r ;  
is the su r face  tension of solution; 
is the concentra t ion  of sur fae tan t ;  
is the constant  of propor t iona l i ty ;  
is the concentra t ion of solution under  study; 
is  the initial  height of wa te r  column in cap i l l a ry ;  
is  the height  of wa te r  column cor responding  to sur face  tens ion a ; 
is the densi ty  of wa te r ;  
is  the a c c e l e r a t i o n  due to gravi ty;  
is  the rad ius  of cap i l l a ry ;  
is the coeff icient  of diffusion; 
ts the t ime ;  
a r e  the d e c r e a s e s  in column heights  in t imes  t i and t!.  

i~ 
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